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AN ELEMENTARY PROOF OF GROTHENDIECK’S
NON-VANISHING THEOREM
TONY J. PUTHENPURAKAL
Dedicated to Prof. K. D. Joshi
Abstract. We give an elementary proof of Grothendieck’s non-vanishing The-
orem: For a finitely generated non-zero module M over a Noetherian local ring
A with maximal idealm, the local cohomology moduleHdimM
m
(M) is non-zero.
Let (A,m) be a Noetherian local ring,M a finitely generated non-zero A-module
of dimension r. For i ≥ 0 let Hi
m
(M) be the ith local cohomology module of M
with respect to m. Let ℓ(N) denote length of an A-module N .
It is easy to see that Hi
m
(M) = 0 for i > r. Grothendieck’s non-vanishing
Theorem states that Hr
m
(M) 6= 0. However the two well-known proofs of this
theorem are quite involved, for instance see [2, 3.5.7(b)] and [1, 7.3.2]. The essential
point in our proof of the non-vanishing Theorem is that it is easier to prove by
induction the following stronger result:
Theorem 1. Let (A,m) be a Noetherian local ring, M a finitely generated non-zero
A-module of dimension r. If r = dimM ≥ 1 then ℓ (Hr
m
(M)) =∞.
Theorem 1 implies Grothendieck’s non-vanishing Theorem since when dimM =
0 then H0
m
(M) = M . Theorem 1 is usually deduced as a consequence of the non-
vanishing Theorem; see [1, 6.6.5].
Remark 2. We will need the following well-known basic facts regarding local co-
homology:
(1) Hi
m
(M) are Artinian for all i ≥ 0; see [2, 3.5.4(a)].
(2) Let M̂ denote the m-adic completion of a finitely generated A-moduleM . Then
Hi
m
(M) ∼= Hi
m
(M)⊗A Â ∼= H
i
bm
(M̂) for all i ≥ 0; see [2, 3.5.4(d)].
(3) When dimM > 0, set N =M/H0
m
(M). Then dimN = dimM and depthN >
0. Furthermore Hi
m
(N) = Hi
m
(M) for all i ≥ 1; see [1, 2.1.7].
(4) Hi
m
(M) = 0 for i < depthM and i > dimM ; see [2, 3.5.7(a)].
For x ∈ A let µxM : M → M be multiplication by x. The following lemma is
well-known
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Lemma 3. Let (A,m) be a Noetherian local ring and let M be a finitely generated
A-module. Then there exists x ∈ m such that kerµxM has finite length.
Proof. (sketch) If dimM = 0 then any x ∈ m will do the job. When dimM > 0
then set N = M/H0
m
(M); see 2.3. If x is N -regular then it is easy to see (for
instance by the snake lemma) that kerµxM has finite length. 
Proof of Theorem 1. By 2.2 we may assume A is complete. We prove the assertion
by induction on r = dimM ≥ 1.
For r = 1: By 2.3 we may assume depthM > 0. Let x ∈ m be M -regular. Set
L =M/xM . Since depthM > 0 we have H0
m
(M) = 0. Also as dimL = 0 we have
H0
m
(L) = L and H1
m
(L) = 0.
The short exact sequence 0→M
µx
M
−−→M → L→ 0 yields
0 −→ L −→ H1
m
(M)→ H1
m
(M) −→ 0.
If ℓ(H1
m
(M)) is finite then L = 0. So M = xM and therefore by Nakayama Lemma
we get M = 0; a contradiction. Thus ℓ(H1
m
(M)) =∞.
We assume the result for modules of dimension s and prove for modules having
dimension s + 1. Let M be a module of dimension s + 1. By 2.3 we may assume
depthM > 0.
Let E be the injective hull of the field A/m. By 2.1 and Matlis duality, the
A-modules Hi
m
(M)∨ = HomA(H
i
m
(M), E) are finitely generated for all i ≥ 0.
Set H = Hs
m
(M) and D = M ⊕H∨. By Lemma 3 there exists x ∈ m such that
kerµxD has finite length. It follows that kerµ
x
H∨ has finite length. By Matlis duality
we get that C = cokerµxH has finite length.
Since depthM > 0 we also get that x is necessarily M -regular. Set L =M/xM .
Notice L is a module of dimension s. Since s ≥ 1, by induction hypothesis we get
ℓ(Hs
m
(L)) =∞. Also note that Hs+1
m
(L) = 0.
The short exact sequence 0→M
µx
M
−−→M → L→ 0 yields
0→ C → Hs
m
(L)→ Hs+1
m
(M)→ Hs+1
m
(M)→ 0.
Since ℓ(C) is finite and ℓ(Hs
m
(L)) is infinite it follows that ℓ(Hs+1
m
(M)) is infinite.
Thus by induction we get that if r = dimM > 0 then ℓ(Hr
m
(M)) =∞. 
Remark 4. As pointed by the referee, an argument similar to one given above also
proves Grothendieck’s vanishing theorem for finitely generated modules of dimen-
sion r ≥ 1.
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